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Some Notes on the Erfect of Grouping of Data with Special Reference

to Length Measurements

by

Knud P. Anderson

The ~uestion of grouping is closely related to the question of economy~ as
grouping of dato. can save much labour and also save much money~ v:hen tables of the
do.ta o.re printed. It is evident that a very coars e grouping can bann the date. and
make it o.~ost use1ess~ o.nd therefore the best grouping has to be 0. compromise between
the saving of 10.bour and money o.nd the hnnn done to the dnta •

These notes intend to sum up more or 1ess wel1-known facts about the effect
of grouping.

The tool mostly used for handling grouped data is Sh~pardts corrections,
which are applied to the moments clacu10.ted fram grouped data (!-Ln) in order to get
the moments for the ungrouped dntn (!-Ln)' For the first four moments Sheppardts
corrections o.re:-
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The deri&ution of Sheppo.rdfs corrections co.n be done in different wuys:-

1) If the distribution tails off rnpidly in both directions of its rnnge~

and the grouptng is not tao coarse the Euler-MUclaurin formulu directly gives
Sheppurdis corrections.

2) If the group net is located at rnndem on the vuriate axis one can
show thnt

!-L = E Gi. )n n
+

where CSh is Sheppardts corroctions~ ~nd :hero the resu1t i5 independent of the
distributio:, and the groupi;tg interval. It is ~ hOi'.Jover ~ not oorrect to take this as
a justification for free use of Sheppo.rdts corrections. The criticul points o.re
horo: 1) the ro.ndom location of tho net o.nd 2) the chance for a good correction~
which depends on V (~ ) which again dopends on the distribution.

n
The total result is that one should only apply Sheppardfs corrections when

1) tho group intervnl is narrOVJ and 2) the distribution tails off ro.pidly.

Another question is: for what purposes shou1d one use Sheppo.rdts
corrections? And here the answer is simple: For fitting purposes only.
For statistico.l tests etc. one shall apply the groupod moments.

For the discussion of what is lost by using grouped dnta it is practical
to work with the cumulo.nts}( n ins tead of the moments !-Ln and for thes e the
Shoppardts corrections are as follows:-
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As most tests are based on normal theo~ the ungrouped populations will be
taken as a normal distribution with parameters (mI cr)1 which cumulants ure:-

~{ = m
1

}( = cr22• ).0 , = 0 n> 2v\. n

When a normal distribution 1s grouped and h 1s smull the new cumulants
ure

and thus
normal

the grouping
h

(0 1 \/ . )

,12

i8 equivulent to 8uperimposing a stochastic component
The lass of information 18

2
1 _ __cr_--:,--

cr2 + h2/ 12
=

If this loss of information was the only def1ciency that group1ng caused
it is quite obvious that even a coarse grouping could be very economical. But
unfortunutely thero are other deficiencies us tests are affected by grouping.

For the t-test'the situation is rather promising as

x - m

~o=
at2 M4 + 2~2 2) 1/2

by the contral limit theorem hus the sume limit as the t-distribution. As the
asymrotic correlation coefficient r between x and s2 i8

lJi ..,.
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one can expect thnt
x - m

is nearly t-distributed even for moderate n and rather coarse grouping.

For the ratio

z =

which is the variate used in test on vnriances one get

v (z) "-' (n - 1) (2 + )

and this shows us that the distribution does not approach the normal theory when the
grouping is coarse.

This means thnt tests on menns are useful, but tests on variances are very
doubtful when the grouping is coarse.

A good question is now: 1~en is a grouping coar~e? Most textbooks state
that if h < 0/4 the ~rouping is fine enough ror all purposes (the loss of information
is in ttis case < 1%). It is not possible to tell when the tests are affected but I
think that one should aim at h < 0/4 and avoid procedures thnt give h > 0/2.

For an age/length key the situation is rather complex und I have found it
most pmctica1 to i11~s*~ate the problems by means of n concrete example.

A hypothetical fish stock will be taken with the f0110wing purumeters:-

L~ = 70 cm K = -1o • 1 years = o years

F = -1
0'5 years -1M = 0'1 years

tg = t g' = 2 years

2= ,. t tf, = 22 years.

These parameters give the length, standard deviations of length, age distribution
shown in Table 1. Table 2 gives tho exact age/length key and the length distribution
for 2 cm groups, whereas Table 3 gives it for 4 cm groups (see Tables attached).

We shall now compare mndom sampling with sampling for ane age/length key
and,examina the effect of grouping in this oase.

As a first example let us sum?le m fish for the length dist~ibution and
n fish in each length group for the agejlength key.

The estimate of an age rrequency is

i

p. x
~

r.
~,a

where p. is the estimate of the length frequenoy 1\. and r. the estimate of the
age/length frequenoy ::S. (seo Tables 2 o.nd 3). ~ ~ 0.

~,a

d
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The mean and variance of lla. is:

E (n) ::: V
a a

V (n ) = \l[. 2 V (r ) +~) 2
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r.
J.,a

:::1
a

Ei Ti. :$ i,a L>iJ. ( r.
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nnd ns Sheppnrdts correction for the mean is zero this gives:-
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The co-vnrio.nce between 10. o.nd I
b

is:
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The results of those formuluo for n = 10, m = 1000 und group length 2 em is
given in Table 4.

Thc eolu."!l!lS lubelled rundom eorrespond to an ordinnry rundom so.mplo of 300 fish.

In Tuble 5 the figures thut eorrespond to n = 20, m=1000, and group length
4 eIn. are given.

The tables show 0. eonsidernble gain in preoision by using thc uge)l~ngth key
for the determination of age composition, und a precisiort in length determination thut is
compo.ro.ble to the preoisiön obtained in rundem so.mpling. ,Tho tubles also show thnt the
finest greuping gives the smullest vuriances, und that this 1s most prominent for the
younger year-clo.sses. .. :

. . , I

Even if these rcsults only apply exo.ctly to the chosen exnmple, I think thnt
the exomple is typical for most situations met with in practice und th:ts menns thnt when
so.mpling for an ago/length koy one should chos 0 0. ruthor sma.ll grouping intervul
especially for the younger fish.

Tho effect of ruising the nu.~ber of fish sampled for tho length distribution is
illustruted by meuns of the colur:ms in Ta'Elles 4 und 5 labelled Vo.o and er ~ , which
gives the vuriances for n =.10 und m c: 00. It is cloo.r that the vo.rio.nce co.n be reduced
considerably by raising m but this is of course 0. question of economy•.

TIhen using estimo.tes culculo.tod from o.n age/length krey in regression analysis
one has to huve in mind that the estimo.tes are correlo.ted. In Tuble 6 the correlo.tion
coefficients for the nulS are given. As tho n I S uro approximutely normal distributed
and all estimatos in the usual regression proc~duro are linea.r functions of thc
observations the usual estim.o.tes are unbiassod but as 0.11 correlations ure negative thc
precision of the regression estimates is greo.ter tho.n for independent observo.tions.

For the 1 In 0.11 correlation coeffieients ure :> 0 und we huve in a wuy 0.

situuti04 reversed ~o the na's.

As a lust illustration I ho.vo prcpured a II so.mple ll by mco.ns of the exo.mplo and
a table of randem numbors. The ago/length key and the "so.mpl ell length distribution are
ShOi'Jn in Tuble 7. Tho figures in this to.blo give the cstimn.tcs of V und Ä shown
in To.ble 8. 0. 0.

In Figures 1 o.nd 2 the rnL~bers o.re shown gruphico.lly together with the
theoretico.l curves. The po.ro.meters estimo.ted in tho usuo.l wo.y from the so.mplc ure o.lso
given in the Figures.

Tho present po.per is only 0. ro.ther rough illustrution cf _,hat co.n huppen when
one is using grouped do.tu. Therc is only 0. limited numbcr of unswers to specific
questions, but o.s o.nswers ure definite functions of thc (good) questions, I trunk tne
paper cun be useful in thut wuy thut it indica.tes how one should a.sk the questions und
how to get tho o.nswers.

Reference

Kendull, M•. G•.
& stun.rt, A.

IIThe o.dvo.nced thoory of s-mtistics". Vols. 1 und 2,
Cho.rles Griffin & Co. Ltd., London.



- 8 -

Tab1e 1

Age Length Standard deviation of Theoratica1 aga
a Aa 1ength sa distribution Va

2 12.68 1.15 0.451192

3 18.14 1.41 0.247619

4 23.08 1.63 0.135895

5 27.54 1.83 0.074582

6 31.58 2.ov 0.040932

7 35.24 2.16 0.022465

8 38.55 2.31 0.012327
9 41.54 2.45 0.006768

10 44.25 2.58 0.003713

11 46.70 2.71 0.002039

12 48.92 2.83 0.001119

13 50.92 2.94 0.000614
14 52.74 3.06 0.000338
15 54.38 3.16 0.000185
16 55.87 3.27 0.000099

17 57.21 3.37 0.000054
18 58.43 3.46 0.000031

19 59.53 3.56 0.000018
20 60.53 3.65 0.000009
21 61.43 3.74 0.000005



•
Table 2. Theoretical Age/Length Key.

81__9__l--_10__ ~' 11_-+-_1_2_

I

I
I 13I
I--r

I
I 0.0039

I 0.0148

I 0.0572
0.1452
0.2559
0.3019
0.2340
0.1191
0.0403
0.0090
0.0013
0.0001

0.0072
0.0338
0.1131
0.2418
0.3261
0.2785
0.1514
0.0521
0.0113
0.0015
0.0001

0.0043
0.0224
0.0940
0.2367
0.3634
0.3404
0.1943
0.0674
0.0143
0.0018
0.0001

(S'. )
l.,a

0.0014
0.0078
0.0489
0.1727
0.3513
0.4117
0.2774
0.1080
0.0238
0.0031
0.0002

2 C!:l Groups

0.0019
0.0195
0.1028
0.2979
0.4676
0.3990
0.1852
0.0456
0.0063
0.0005

0.0036
0.0336
0.1707
0.4298
0.5429
0.3413
0.1076
0.0167
0.0014

7

0.0042
0.0473
0.2425
0.5580
0.5870
0.2758
0.0626
0.0056
0.0003

6

0.0037
0.0519
0.2980
0.6754
0.6580
0.2340
0.0393
0.0023
0.0001

5

0.0010
0.0316
0.2780
0.7556
0.8328
0.2758
0.0279
0.0017

r'-....~ Age' 2 3 4 I
ILength~, I
j--~-~----I-----t---+

67
65
63
61
59
57
55
53
51
49
47
45
43
41
39
37
35
33
31
29 0.0048
27 0.1276
25 0.7219
23 0.0099 0.9621
21 0.3948 0.6035
1.9 0.9638 0.0362
17 0.0084 I 0.9903 0.0013

I t~ Uj~~ ~:~_~_i_~--l --l ..L.- ~ l 1......

This tab1e continues on next page ••••••
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Tab1e 3 continued
;-.,

I
\

I I
Length distribution I

I ....."'"
~ength "-..."-...~e 14 15 16 17 18 19

I
20 21

I .J
(1I i ) I

I t-- 1:-1
I

I 67 I I 0.0184 I 0.0494 I 0.1349 0.1605 0.2653 0.1888 I 0.1917 0.000000

I 65 0.0111 0.0393 I 0.1007 I 0.1895 0.1855 0.2204 0.1429 I 0.1106 0.000005

63 0.0314 0.0932 I 0.1625 0.2170 0.1799 0.1625 0.0935 0.0561 0.000018

I 61 0.0876 0.1693 I 0.2074 0.2010 0.1432 0.1002 0.0518 0.0248 0.000036

59 0.1766 0.2311 0.2052 0.1477 0.0914 0.0507 0.0237 0.0092 0.000077

57 0.2599 0.2366 0.1561 0.0855 0.0461 0.0207 0.0090 0.0028 0.000144

55 I0.2746 0.1774 0.0891 0.0378 0.0182 0.0067 000087 0.0007 0.000257

53 0.2019 0.0951 0.0371 0.0126 000054 0.0017 0.0006 0.0001 0.000429

51 \ 0.1011 0.0356 0.0111 0.0;.)30 0.0012 0.0003 0.0001 0.000699

49 0.0345 0.0093 0.0024 0.0004 0.0002 0.001110

47 I 0.0082 0.0016 0.0003 0.0001 0.001710

45 0.0012 -0.0002 0.002567

43 0.0001 0.003749

41 0.005324

39
0.007409

37
0.010179

35
0.013676

33
0.018400 I-'

0

31
0.022912 I

29
0.031155

27
0.035473

25
0.045778

23
0.065157

21
0.051878

19
0.111652

17
0.102344

15 I 0.072646

13~ I
0.269966

11
0.120784

9 L 0.004467



0.0115
0.1147
0.2848
0.1634
0.0215
0.0006

0.0246
0.1936
0.2968
0.0918
0.0056
0.0001

0.0028
0.0672
0.3145
0.2528
0.0362
0.0008

0.0054
0.1249
0.3876
0.1780
0.0118
0.0001

0.0127
0.2199
0.4273
0.1044
0.0030

0.0216
0.3227
0.4262
0.0554
0.0006

0.0295
0.4251
0.4084
0.0298
0.0001

0.0316
0.5145
0.4137
0.0184

0.0186
0.5531
0.5191
0.0163

0.0028
0.4624
0.8032
0.0195

0.1805
0.9765
0.0512

0.0040

r· 9488
1.0000

I , Tab1e 3. Throretica1 Age/Length Key. 4 cm Groups ( (). )
jt-'L_e_n_g_t_h"'-_",-">A~g_e-!rf-'_'_2==:~~-3-r'--4---"-----5-"""'---6-- 7 "8 9--T ----1-0---I-L~~--1'--'--'1~__~+-=13 J

70 I
66
62
58
54
50
48
42
38
34
30
26
22
18
14
10

--
I "- I l- I I I

I Length distribution II -:--.

I Length........Age 14 15 16 17 18 19 20 21 ( TI" ~ i'-'. I --i
I I

I
I

70 0.0145 0.0791 0.1107 0.2531 0.2202 0.3224 0.000000
66 0.0083 0.0342 0.0880 0.1760 0.1793 0.2294 0.1542 0.1306 0.000005
62 0.0705 0.1463 0.1938 0.20Go 0.1543 0.1190 0.0643 0.3430 0.000054 I
58 0.2310 I0.2348 0.1731 0.1070 0.0618 0.0311 0.0141 0.0050 0.000221
54 0.2291 10.1259 0.0565 -0.0220 0.0102 0.0036 0.0014 0.0003 0.000686
50 0.0602 0.0195 0.0058 0.0014 0.0006 0.0001 0.0001 0.001809
46 0.0040 0.0007 0.0001 0.004277
42 0.0001 0.009073
38 0.017587
34 0.032075
30 0.054066
26 0.081251
22 0.117035
18 0.213996
14 0.342613
10 1- 0.125251

I-'
I-'

l



Tab1e 4. Mean and Variances of na and 1a • 2 cm groups

~l
I

I
Ierco I V(Q )

~v er
I a a random I random

1159 0.0108 0.0066 0.081 0.0092 0.096

2292 0.0151 0.0418 0.2015 0.0268 0.164

1813 0.0135 0.0882 0.297 0.0651 0.255

1008 0.0100 0.1513 0.389 0.1497 I 0.387

0.0068 0.2249 0.474 0.3257
I

0.571t!~ I
l~a

I
0.0043 0.3288 0.573 I 0.6923

I
0.832

I
70 I 0.0026 I 0.4883 0.699 I 1.4429 1.201

I
I

0.03

0.03

1 0 • 0 3

0.03

e.Cl44

0.0
4

0.05

v
random

---1--

.0287

.0249

.0198

.0152

.0114

.0086

.0064

V( )1---(-)Iv\1
I
IA
1

ge i n er na random er
I a--L

I 0.4512 0.033505 I 0.0187
J

0.038254----r-:2 I
3 0.2476 0.033870 0.0196 0.036210 0

4 0.1359 0.032696 0.0164 0.033914 0

5 0.0746 0.031455 0.0121 0.032301 0

6 0.0409 0.04679 0.0082

I
0.031309 0

7 10.0225 0.04292 0.0054 0.04732 0

8 J0.0123 0.04122 0.0035 I 0.04406I 0
I

i

Table 5. Mean and Variance of n and 1 • 4 cm groupsa a

I
I I I I

Aga I I errandoml
I i

(2. ) I
i

Vi I V(n ) er(n ) I V Vaa I er 00 I V er( 2-a ) I V er, random random random
I . a a ! a iI I

! 2 I 0.4512 I 0.035249 I 0.0229 0.038254 I 0.0287 I 0.032942 0.0172 I 0.0099 0.08S 0.0092 0.096I
I

I 0.035880 I 0.036210 0.034390
I

3 0.2476 0.0242 0.0249 0.0210 0.1038 0.322 0.0268 0.164
I

4 0.1359 0.033108 I 0.0176 0.033914 0.0198 0.032344 , 0.0153 0.1195 0.346 0.0651 0.255
I 5 0.0746 0.031650 I 0.0128 0.032301 I 0.0152 0.0313041 0.0114

I
0.1722 0.415 0.1497 0.387I

I 6 0.0409

I
0.04720 0.0085 0.031309 I 0.0114 0.04548 I 0.0074 0.2692

I
0.519 0.3257 0.571

ILj;.0225 0.04294 0.0054 0.04732

I
0.0086

I
0.04206 I 0.0045 0.4116 0.642 0.6923 0.832

i I l_1.2018 0.0123 0.04122 0.0035 0.04406 0.0064 0.0576
I

0.0027 I 0.5964 0.772 1.4429
) I

I ,
-I-

......
N



Corre1atioll tab1e for lla
4

5

I i

I
j

I Ill2 I ll3 ll4 I ll5 ll6 ll7 n
SI I

I
. In 1.00 -0.F8 -0.20 -0.15 -0.12 -0.10 -0.09

2 I

n3 -0.58 I 1.00 -0.41 -0.08 -0.06 -0.05 -0.05
I

n4 -0.20 I -0.41 1.00 -0.32 -0.05 -0.05 -0.0

n5 -0.15 I -o.oS -0.32 Loo -0.25 -0.04 -0.02

llS -0.12 "0.06 -0.05 -0.25 1.00 -0.1.'3 -0.03

ll7 -0.10 -0.05 -0.05 -0,04

I
-0.15 1.00

I
-0.04

lla /-0.09 -0.05 -0.05 -0.02 -0.03 -0.04 1.00I
.- .

Table 7. lS amp1e" Age!'1en'l'th K~lld Length Distributioll------ I .
I

---,--Q~ I

I

-

I I I I
10 I 11 I 12 13 I 14 i 15 16 17 I 18 lLengthILength\,Age . 2 3 4 5 6 7 8 I 9 I I

I I I 1___ - dist~ibutio~\ -~_. I

I 53 I I I
I 0.4 0.4 0.2 ;

I 0.1 I ~
51 I

0.2 0.4 0.3 I

49 I 0.3 0.4

I
0.1 0.1 0.1 I 0

47 0.1 0.4 0.3 0.2 I 5
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Tab1e 8. Estimated aga composition and
1ength by ag e
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2 0.4508 12.60

3 0.2520 17.93

4 0.1402 22.85

5 0.0693 27.66

6 0.0377 30.28

7 0.0244 3<1.74

8 0.0094 38.19

9 0.0066 41.70

10 0.0054 43.15

11 0.0022 46.00

12 0.0014 48.71

13 0.0004 53.00
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Estimatad Z = 0.585
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Figura 1. Estimated age composition and the theoretica1
death curve.
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Figura 2. Estimated and theoratical 1ength at aga.


